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Recently it has been claimed that no extension of quantum theory can have improved predictive 
power, the statement following, according to the authors, from the assumptions of free will and of 
the correctness of quantum predictions concerning the correlations of measurement outcomes. Here 
we prove that the argument is basically flawed by an inappropriate use of the assumption of free will. 
In particular, among other implications, the claim, if correct, would imply that Bohmian Mechanics 
is incompatible with free will. This statement, appearing in the paper, derives from the unjustified 
identification of free will with the no-signaling constraint and of a purely formal and not physical 
use of such a constraint. 
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Introduction — In a recent paper, Colbeck and Ren- 
ner [l| have argued that the assumptions 

• that the observers can freely choose which specific 
measurements to perform on the constituents of a 
composite quantum system in an entangled state, 
and 

• that the statistics of the outcomes agrees with 
quantum predictions, 

imply that any extension of quantum theory cannot con- 
vey any additional information about the outcomes of 
future measurements with respect to the one supplied by 
the statevector. In other words, no completion of the 
theory is possible. 

The problem — The authors consider two particles 
heading towards two measurement devices that have a 
number of possible settings, identified by two parameters 
A and B, that can freely and independently be chosen by 
the experimenters. The measurements yield results de- 
noted by X and Y, respectively. At this point the authors 
raise the question of whether there could exist a further 
source of information EE allowing to predict more accu- 
rately the outcomes. 

The novelty of the approach with respect, e.g., a stan- 
dard hidden variable completion of quantum mechanics, 
stays in the fact that the authors do not require (but 
they even not exclude) that such information implies a 
precise knowledge of the outcomes (determinism) and in 
the fact that they do not assume that the further in- 
formation be encoded in a classical system (as it hap- 
pens in the case of standard hidden variable theories). 
In particular it might happen that, to get the additional 
information, one has to access the source by a typical 
quantum procedure, i.e. to input a quantum system C 
(a sort of measuring apparatus) and to use the output 
Z from C to have more information concerning the sys- 
tem A+B. The only crucial aspect addressed in Ref. [l| 



is whether the further information EE might enable one to 
make more accurate predictions concerning the outcomes 
than those implied by the knowledge of the statevector. 
Moreover, the authors specify that A,B,C and X,Y,Z are 
spacetime random variables whose values can be associ- 
ated to precise spacetime points (t, ri, r2, ra). This im- 
portant specification is useful to make fully precise the 
assumption that two measurement procedures and the 
associated outcomes are space-like with respect to one 
another. 

At this point the authors formulate their first request, 
denoted as FR, that the observers can independently 
choose the measurements they perform. Using their 
words: 

Assumption FR is that the input, A, of a mea- 
surement process can be chosen such that it 
is uncorrelated with certain other spacetime 
random variables, namely all those whose co- 
ordinates lie outside the future lightcone of 
the coordinates of A. 

It is meant that this assumption holds also for B and C. 
The second fundamental request (denoted as QM) is that 
the present quantum theory is correct, i.e.: 

Measurement outcomes obey quantum statis- 
tics and... all processes within quantum the- 
ory can be considered as unitary evolutions, 
if one takes into account the environment. 
[Moreover] the second part of the assumption 
need only hold for microscopic processes on 
short timescales. 

The argument — The main mathematical objects the 
paper deals with are joint distributions of measure- 
ments and outcomes, typically objects like Pxyz\abCi 
PyziabCi Pxy\ab and similar ones. The authors start 
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by expressing their request of free choice of the settings 
A, B and C in the following way: 



Pa\bcyz 


= Pa 


Pb\acxz 


= Pb 


Pc\ABXY 


= Pc 



From such relations they derive, with simple manipu- 
lations involving conditional and unconditional probabil- 
ities, the three following relations, 

Pyz\abc = Pyz\bc 

Pxz\abc — Pxz\ac (2) 

PxY\ABC = PxY\AB, 

which are the non-signaling constraints on which all the 
subsequent arguments are based. In fact these con- 
straints, when applied to appropriately chosen measure- 
ments on a maximally entangled state (or, by extend- 
ing the procedure, to an arbitrary entangled state) lead 
to the basic conclusion of the paper, which the authors 
summarize in the following way: the extra information 
5 is of no use since the distribution of X given A and 3 
is the same as the distribution of X given only A. Ac- 
cordingly, the authors claim to have proved that under 
the assumption that measurement settings can be chosen 
freely, quantum theory really is complete. 

This result is valid for both deterministic or probabilis- 
tic completions of quantum mechanics. Nonetheless, in 
order to clearly formulate our criticism to the authors' 
assumptions, in the following we will mainly concentrate 
on deterministic models. 

An oversimplified completion of quantum mechanics - 
We present here an extremely simplified model of a deter- 
ministic hidden variable theory, which is a more elegant 
and symmetric (from the point of view of its nonlocal 
features) reformulation of Bell's famous example [2| of 
a nonlocal deterministic hidden variable theory for the 
correlations of the singlet state. Such a model has been 
recently discussed Q by the two of us, with reference 
to a proposal put forward by Leggett Exactly as 
Bohmian mechanics, this model satisfies the aforemen- 
tioned assumption QM, but it fails to fulfill FR, as we 
shortly prove. 

The model goes as follows. One considers the system of 
two identical spin 1/2 particles in the singlet state, which 
at a given time t (in a given reference frame) are confined 
to two far away space regions and can be subjected to 
experiments aimed to ascertain the value of their spin 
components along two freely chosen space directions a 
and b. The system is characterized by the assignement 
of the statevector ip (which in our case is the singlet) 
and by a hidden variable A, which is a unit vector in 
the three dimensional real space and is assumed to be 
uniformly distributed on the surface of the unit sphere. 
One then assumes: 



• In the case in which only one of the subsystems 
is subjected to a measurement the value taken by 
ct' 1 ) ■ a is given by A^(a, b, A) = sgn(a ■ A), and 
similarly for cr^ 2 ' • b, with outcome S^,(a, b, A) = 
-sgn(b • A). 

• On the contrary, if two measurements are per- 
formed, the assignment of A uniquely and 
nonlocally determines the outcomes as follows: 
A^,(a, b, A) = sgn(a- A) and B^(a, b, A) = — sgn(b ■ 
A), where the vectors a and b lie in the plane iden- 
tified by a and b, and are obtained by these vectors 
by rotating them in such a way that they are still 
symmetrically disposed with respect to the bisec- 
tor of the angle lo (with < lo < it) between a and 
b, and form an angle Co satisfying, as in the case 
of Bell's model, Co = 7rsin 2 ^. Notice that Co < lo 
when lo < 7r/2, and Co > lo when to > tt/2. 

By using the above relations one can easily prove that 
the model, when the appropriate average over A is per- 
formed, is predictively equivalent to quantum mechanics. 
Stated differently, it represents, just as Bohmian mechan- 
ics, a precise extension (even though limited to the singlet 
state) of quantum mechanics. 

In what follows, we will consider the case in which X 
is the value of the observable cx« ■ a, A is the space of 
the settings a, B is the space of the settings b for the 
observable ■ b, C stays for the space of the hidden 
variable and Z — A for a precise value of the hidden vari- 
able itself. However, the reader will not encounter any 
difficulty in understanding the argument keeping in mind 
these specifications, even though, for simplicity, we will 
continue to use the generic expressions for the conditional 
probabilities. 

We consider Pxz\ACi an d we take into account that 
this probability is different from zero only for A = ±1 
and takes the value +1 when X = +1 and a • A > and 
the value when A = +1 and a • A < (the two values 
must be exchanged when the probabilities refer to the 
outcome —1). We can now evaluate Pxz\abc- From the 
prescriptions given above, for some values of a and A, it 
is possible to choose the setting b in such a way to make 
Pxz\abc — when, for the considered A, Pxz\ac = 1- 
Actually, for simplicity let us align A with the z-direction 
and suppose that the angle between a and A is 9 ^ 7r/2, 
as shown in Fig. 1. Let us now consider the direction a^ 
and let us choose b lying between a^ and —a. Since the 
angle lo between a and b is greater than tt/2, according 
to the rules governing our model, a is rotated, in the 
clockwise direction, of an amount 

LO — CO 7T n CJ CO 

— — — = - sin 2 - - - (3) 
2 2 2 2 w 

with respect to a. If this amount is greater than ^ — 9, 
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FIG. 1: Values of a, b and A for which the non-signaling constraints 
are violated. 



i.e., if 9 satisfies the relation 



the quantity a • A has opposite sign with respect to a • A 
and, correspondingly, Pxz\abc — 0. It turns out that, 
when 7r/2 < u) < 7r, condition (|4]) is always compati- 
ble with 8 ^ 7r/2, and then the model does not respect 
the non-signaling constraint imposed to any extension of 
quantum mechanics in Ref. [lj. Therefore, it does not 
satisfy FR. 

One might object that our example (which holds only 
for a specific state ip) is too simplified to allow general 
conclusions of the sort we have drawn. However, such 
an objection would be totally out of the target. In fact, 
anybody familiar with Bohmian mechanics (the paradig- 
matic example of a hidden variable extension of quantum 
mechanics) knows very well that, in the case of two far 
away spin 1/2 particles in an entangled state, a situa- 
tion, which mirrors perfectly the one we have presented, 
occurs quite naturally. Typically, for a given statevector 
-0, for given values of the positions of the particles (the 
hidden variables) and for some fixed choice of the setting 
of the apparatus in A, an observer in B can perform an 
appropriate choice for the setting of his apparatus in such 
a way that Pxz\abc differs from Pxz\ac (obviously here 
C stays for the positions of the particles and Z for their 
precise values). 

A critical analysis of the FR assumption — We are 
thus confronted with the following situation: we have an 
extremely simple model (a trivial generalization of a pro- 
posal by Bell) and the very general theory worked out by 
Bohm, which everybody has taken seriously as perfectly 
acceptable completions of quantum mechanics, and both 
of them violate the constraints that are put at the very 
basis of the argument of Ref. [l| . Since such constraints 
derive in a straightforward way from (TTJ), which the au- 
thors consider as appropriately expressing the physical 
request that the settings of the apparatuses can be chosen 



freely, it is just this condition which has to be critically 
investigated. 

The first trivial remark is that, as pointed out by 
Colbeck and Renner themselves, the non-signaling con- 
straints © imply P x \abz = Px\az and P y \abz = 
Py\bz, i- e -i they require the theory to satisfy Param- 
eter Independence (PI). Now, it is universally known 
that any deterministic theory which reproduces the pre- 
dictions of quantum mechanics cannot violate Outcome 
Independence (01) and therefore, since it must violate 
Bell's locality, it must violate precisely the Parameter 
Independence request. From this point of view the whole 
and complicated proof of Ref. [l| becomes absolutely triv- 
ial in the case of deterministic completions of quantum 
mechanics. By indicating as {Det. Compl.} any deter- 
ministic completion of the theory, the whole argument, 
for the case under discussion, can be summarized in the 
following terms: 

FR D PI <^==> -n(PI) d -nFR (5) 
{Det. Compl.} D -.(P7) D -^FR. 

Actually, in full agreement with the above remarks, Col- 
beck and Renner explicitly state that in the context of 
de Broglie-Bohm theory the presence of nonlocal hidden 
variables contradicts assumption FR. They conclude that 
in this theory there is not free will. This quite general 
and revolutionary statement seems to us fully inappropri- 
ate and it gives clear hints concerning where the analysis 
of Ref. [l[ is incorrect and not conclusive. 

We mention the points on which we fully agree with the 
authors: i) The fact that the locality assumption by Bell 
(which wc will denote as B-Loc in what follows) amounts 
to the request that Pxy\abz — Px\az Py\bz, provided 
one assumes that Z represents the maximal specification 
which is in principle possible of the state of the system; 

ii) The statement that B-Loc is equivalent to the log- 
ical conjunction of the requests of (PI) and (01); and 

iii) The proof that their way of imposing FR implies PI. 
Nonetheless, we believe that the identification of FR with 
free will turns out to be extremely problematic and repre- 
sents the really crucial point of the paper. Is it legitimate 
and physically appropriate to formulate the request that 
the apparatus settings can be chosen at free will in the 
way the authors have chosen? 

In our opinion Colbeck and Renner, having not taken 
into account the important fact that any deterministic 
completion of quantum mechanics unavoidably implies 
the violation of the request of PI, have not realized that 
their proof echoes the celebrated and controversial proof 
of von Neumann concerning the impossibility of deter- 
ministic completions of the theory. And we all know that 
it has been just J. Bell to make clear that, in spite of its 
mathematical correctness, von Neumann's proof was not 
physically significative because it was based on a physi- 
cally not necessary assumption. 
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Are we not confronted here with a situation analogous 
to the one we have just mentioned? There is no doubt 
that the proof of Colbeck and Renner is correct. But 
precisely as in the case of von Neumann, the exclusion 
of any deterministic completion of the theory cannot be 
true. And it is interesting that, in a sense, once more, 
by discussing the role of the free choice of the settings 
in Bohmian mechanics, Bell himself has anticipated that 
the conclusion of the authors is not correct, i.e., that their 
way of imposing the request that such a choice is com- 
pletely free goes well beyond what is actually necessary. 
We are thus led to recall the discussions on this point 
which already appeared in the literature in connection 
with the debate on Bohmian mechanics. 

The standard approach to free will — As everybody 
knows and in full contrast with the authors' position, in 
the usual EPR-Bohm type of scenario one usually (and 
tacitly) assumes that the settings of the devices can be 
made "freely", i.e., independently of the specification of 
the state of the incident particles. Typically, in the most 
significative experiments (as those of Aspect) the settings 
are generated by independent random number genera- 
tors, so that there is nothing in the past light cone of the 
individual measurement events determining which choice 
will be made. However, in fully deterministic theories 
such as Bohmian mechanics itself, the choice of the set- 
tings might be (in principle) influenced by events in their 
past and, therefore, the pasts of the settings overlap with 
the situations which will play a role concerning the states 
of the particles being measured prior to the measure- 
ment processes. A complete specification of the state 
will therefore include facts which in some measure are 
relevant for the settings, so that there is a certain subtle 
incompatibility of the assumption that the settings can 
be made independently of the state of the particles. It 
seems that it is just this point which has led Colbeck and 
Renner to be so strict in putting forward their request 
FR. 

This problem has been already exhaustively consid- 
ered both by Bell and by Shimony, Clauser and Home 5| 
and has been recently lucidly analyzed by T. Norsen [6| 
along lines which we recall here. To overcome the just 
mentioned difficulty one merely allows that the events in 
the relevant region can be divided into disjoint classes: 
those which are influenced by the preparation procedure 
and specify the state of the system and those which enter 
in the choice of the settings. These two classes are far 
from jointly exhaustive so that one can expect a causal 
distance between them which makes the "freedom" as- 
sumption a quite reasonable one. As Bell himself has 
acknowledged Q one possibility is that: 

it is not permissible to regard the experimen- 
tal settings in the analyzers as independent 
of the supplementary variables A, in that a 
and b could be changed without changing the 



probability distribution p(X). Now, even if 
we have arranged that a and b are generated 
by apparently random radioactive devices, 
housed in separate boxes and thickly shielded, 
or by Swiss national lottery machines, or by 
elaborated computing programmes, or by ap- 
parently free will experimental physicists, or 
by some combination of all of these, we can- 
not be sure that [the settings] a and b are not 
significantly influenced by the same factors A 
that influence [the outcomes] A and B. But 
this way of arranging quantum mechanical 
correlations would be even more mind bog- 
gling that one in which causal chains go faster 
than light. Apparently, separate parts of the 
world would be deeply and conspiratorially 
entangled, and our apparent free will would 
be entangled with them. 

And he |8[ also added: 

One can envisage then theories in which there 
just are no free variables for the polarizer an- 
gles to be coupled to. In such 'super deter- 
ministic' theories the apparent free will of the 
experimenter, and any other apparent ran- 
domness, would be illusory. Perhaps such a 
theory could be both locally causal and in 
agreement with quantum mechanical predic- 
tions. However I do not expect to see a se- 
rious theory of this kind. I would expect a 
serious theory to permit 'deterministic chaos' 
or 'pseudo randomness', for complicated sub- 
systems (e.g. computers) which would pro- 
vide variables sufficiently free for the purpose 
at hand. But I do not have a theorem about 
that. 

It is also useful to recall, as Norsen did, the clear-cut 
position taken be Shimony, Clauser and Home on the 
issue of the "freedom" or "no conspiracies" assumption 
we have just mentioned: 

we feel that it is wrong on methodological 
grounds to worry seriously about [such an as- 
sumption] if no specific causal linkage is pro- 
posed. In any scientific experiment in which 
two or more variables are supposed to be 
randomly selected, one can always conjecture 
that some factor in the overlap of the back- 
ward light cones has controlled the presum- 
ably random choices. But, we maintain, skep- 
ticism of this sort will essentially dismiss all 
results of scientific experimentation. Unless 
we proceed under the assumption that hidden 
conspiracies of this sort do not occur, we have 
abandoned in advance the whole enterprise of 
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discovering the laws of nature by experimen- 
tation. 

This kind of argument (which, in our opinion, has gen- 
eral validity 11| ) , seems even more appropriate for theo- 
ries which violate PI, but with hidden variables assumed 
not to be fully accessible. 

The mistake of Colbeck and Renner should now be 
clear: due to the unavoidable nonlocal character of the 
theories we are dealing with, it is not physically reason- 
able to impose the free will condition in the way chosen 
by the authors. Consequently, there is no physical reason 
to require FR, which in general cannot be identified with 
the free will requirement (with reference to this point 
one can see the detailed analysis by A. Shimony [9j con- 
cerning controllable and uncontrollable nonlocality), and 
extensions of quantum theory could have improved pre- 
dictive power, at least in principle (for instance, see (lOj). 

Conclusions — Our conclusions should be clear to all 
who have followed the previous argument: the paper by 
Colbeck and Renner is based on a too strong and not 
physically and epistemologically convincing assumption 
of free will which, in particular, since it implies that all 
theories taken into account must satisfy the PI condi- 
tions, automatically excludes a whole class of hidden vari- 
able theories which everybody takes seriously as perfectly 
acceptable. For simplicity, we have made this clear with 
reference to deterministic nonlocal hidden variable com- 
pletions of quantum mechanics. At any rate, our result 
shows that the basic claim of Ref . [l] , that no extension 
of quantum theory can have improved predictive power, is 
not correct when one assumes that at least a part of the 
parameters completing the theory must be unaccessible. 
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[11] Actually the argument boils down to the statement that 
in a deterministic theory there is no space for free will. To 
grasp the real meaning of such a position one might try 
to claim that, within the Maxwell scenario, since the the- 
ory is perfectly deterministic, one cannot assume that an 
experimenter can freely open or close a switch of an elec- 
tric device. The remark that such a choice is certainly 
not fully ruled by electromagnetic laws (in spite of the 
fact that the nervous transmission involves electromag- 
netic phenomena) does not change the status of the ques- 
tion. If one takes into account also Newtonian mechanics, 
which is fully deterministic, one might claim that the ini- 
tial conditions, let us say at the big bang, determine in 
advance (in accordance with the laws of mechanics and 
electromagnetism) whether the button will be switched 
on or not. It goes without saying that such a position will 
make the whole scientific enterprise meaningless. 



